Collisions

Collisions/Impulse- Momentum

In physics, a collision is an isolated process in which fwo or more objects interact in such a
manner as to exert a relatively strong force one each other for a relatively short time. There
are two primary types of collisions we study in physics, perfectly elastic and perfectly
inelastic. These are two end points along a continuum of possibilities. Because of the
mathematical complexity involved in studying collisions that are not perfectly elastic or
inelastic we will confine ourselves to the two idealized cases.

Elastic collisions:

Inelastic collisions:

Elastic collisions occur only between extremely hard objects. In elastic
collisions objects exchange momentum by “"bouncing” from each other
during the collision process (like billiard balls). It is not necessary for
any of the interacting particles to actually touch each other in an
elastic collision (as when a proton is scattered, elastically from a
nucleus). Both momentum and kinetic energy are conserved in elastic
collisions. Elastic collisions are of great interest in physics.
Accelerating particles to high speeds and colliding them, elastically,
with various targets is an oft used method of interrogating atomic
scale matter: For a two body system:
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Inelastic collisions occur when the objects involved in the collision stick
together. Momentum is conserved in inelastic collisions but kinetic
energy is not. For a two-body system:

m\V;, + MV, = (m1 + mz)vf ( i = Pf )

In either case we are generally interested in studying the state of the system before, during,
and after the collision process.



Impulse & Momentum

Recall that in an isolated system, the total momentum of the system changes only if some net
external force acts on the system:

o
o

g-dP

Consider:

Before the two bodies collide they do not exert force on each other (other than a small
gravitational attraction that may be ignored), but as the two bodies collide they do exert force
on each other. These forces are not constant, but change in magnitude during the collision
process. These forces change the linear momentum of the individual bodies, i.e., the force
exerted by the body on the /eft on the body on the right changes the linear momentum of the
body on the right, and vice versa. The amount of this change depends upon both the average
value of the forces and the time over which they act. Note that while the individual momenta
are changed the overall momentum of the system remains unchanged in this interaction.

If we apply Newton IT to either object:
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F(t)dt =dP

F(?) is a time varying force that with a form similar to the graph below on the left. The graph
on the right represents the average value of this same force.
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If we integrate F(t)dt = dP over the time interval of the collision process (just before,
during, and just after), we obtain:

pfdﬁ = tj F(t)dt
Pi 5

The left side of this equation is Ap, the change in linear momentum of the body being acted
upon by the force. The right side contains information about both the magnitude of the force
and the duration of the collision and is known, collectively, as the impulse, J, of the collision.

From this equation it is clear that that the change in linear momentum on a body during a
collision process is equal to the impulse that acts on that body. This statement is known as the
impulse-linear momentum theorem. It is more common to use the average magnitudes of the
forces involved in collisions to simplify the mathematics in which case:

J =FAt
Impulse and momentum are both vectors. Unless the bodies colliding conveniently do so in a

head-on manner, along an axis, it will be necessary to consider the various components of both
quantities.



Example 1. A 0.0025 kg bullet, traveling at a velocity of +425 m/s imbeds itself in the wooden
block of a ballistic pendulum. If the wooden block has a mass of 0.200 kg, to what height does
the bullet-block combination rise?

Since the bullet and the block “stick together” after the collision, this is an example of a
perfectly inelastic collision. Momentum is conserved but kinetic energy is not.

Conserve momentum:

MVyier, + MVpjogy, = (m +M )Vf

MVy e, = (m +M )Vf

_ mvbulleti =5.25m- S—l =V

v f = — Vaftercollision

m+ M

After the collision energy is conserved as long as non-conservative forces do not act on the
system, hence:

KE = PE,

aftercollision

M, = (m+ Mg

h=Yae _14m



Example 2. A 10 kg ball (/m) with a velocity of +10 m/s collides head on in an elastic manner
with a 5 kg ball (m,) at rest. What are the velocities after the collision?

o m,—m, (10-5)kg

- = 10m-s*)=+3.33m .5
ha ml+mzvl' (10+5)kg(+ m-s”)=+333m s
v, =My - 200KO) (L gom s 1) 113.33m 5

m, +m, (10+5)kg

Which ball experiences the greater change in momentum?



Example 3. How good are automobile bumpers? A 1500 kg auto collides with an immovable wall.
If the collision lasts 0.150 seconds, the auto was initially traveling +15.0 m/s and rebounds
from the wall with a velocity of -2.6 m/s, what is the average force exerted on the bumper?

B =my, - (225x10'kg-m-5”f
p; =mv, =—(0.39><104k9-m'3_1)'?

J=Ap=p, - P, =—(2.64><104k9 -m's_l)f
F=2P  _(L76x10°N)

e What is the significance of the minus sign here?
o Is this an example of conservation of linear momentum?



Example 4. An 80 kg skier starts from rest at the top of a ski run. He quickly finds himself
going fast down the icy (essentially frictionless) hill. At the base of the hill he is unable to
stop. He skis across an icy deck, through the open doors of the ski lodge; across the concrete
floor of the rental shop a distance of 10 meters before coming to rest against the back wall of
the shop. If the ski hill is 150 meters tall, the deck and lodge are on level ground at the base of
the hill, and the unfortunate skier experiences an Impulse of 4250 N-s during the collision,
what is the coefficient of kinetic friction between rental skis and concrete?

Here we can extract useful information about this system from the moment of impact -
extending our abilities to analyze systems of interest.

Impulse-Momentum:  FAt = Ap = mv, —mv,
—4250N - s = -mv,
v, =53.1m-s™

This is the velocity of the skier just before colliding with the wall.
1
The energy of the skier just before the collision is: KE = 2 mv? =112784.4] .

The potential energy of the skier at the top of the hill is: PE = mgh =117600J .

This means that AE = —4815.6J . This is the energy that is lost to friction as the skis slide
across the concrete floor and is equal to the work done by non-conservative forces, in this case
friction. This means that W, reduces the kinetic energy of the skier. Hence:

4815.6J

W =f §=-
e = S =T kmgs’:>(10m)(80kg)(9.8m-s-2

):,uk =0.61



Example 5. Compute the impulse experienced when a 70 kg climber lands on firm ground after
falling of f a boulder problem from a height of 3 meters.

v, =/2gh = /(2)9.8m-s2[3m) = 7.7m -5 .V, =—7.7m -5~
v, =0
FAt = Ap=mvV, —mv, =0+ (70kg)(7.7m-s)=540N -s

If the climber lands stiff-legged and stops in a distance of 1.0 c¢m, find the average force
exerted on them by the ground.

V. +V
First we find the average velocity over the course of the collision: V = — L -38m.s™
Next we find the time of the collision: d = VAt .. At = g = % =0.0026s
vV 3.8m-s

So they come to a complete stop in 0.0026s!

AP _SAONS 5 110N

FAt=Ap..F =
At 0.0026s

This is a net value. We seek the average force exerted by the ground on the climber. The
difference is small but we'll compute it nonetheless.

= = E o
Z F= Fground I:fravity T .

Z IE = IEground —mg l Fgravity

2.1x10°N + 690N = F.

ground

=210690N



¢ Notice that this is force is over 300 times the force exerted by gravity (the person’s body
weight)!

e Also note that this is an average force. The maximum force exerted is much greater.

e This is a classic problem in controlling the damage in a collision process, i.e., how fo either
lengthen the time of the collision or lengthen the distance over which the collision occurs
to reduce the impact forces involved. In this particular case this could be accomplished if
the person just allowed their legs to flex upon landing. Assume that the climber can flex
their legs 0.5 meters. Then:

At :g:Lrnlzo.lgs
Vv 3.8m-s”
Fat=2P _4O0N-s o 10°N
At 0.13s

IEground = Z 'f + mg

F =4.9x10°N

ground

This is about 7x body weight. A vast improvement.



Example 6. A stream of water strikes a stationary fturbine blade as shown below, The incident
stream of water has a velocity of 18.0 m/s, while the exiting water stream has a velocity of -
18.0 m/s. The mass of the water per second that strikes the blade is 25.0 kg/s. Find the
maghitude of the average force exerted by the water on the blade.

v

+18 m/s

-18 m/s

A

—-2mv (— 2)(25.0kg -S_1Xl8.0m : S_l)
At - 1s

FAt=Ap=mV, -mV, =—-mv-mv..F = = 900N




Example 7. A bullet (m = 0.012kg) is fired into a block (m = 0.100kg) at rest on a rough
surface. After the impact the block slides 7.5 meters before coming to rest. If the
coefficient of kinetic friction between the block and the surface is 0.65, find the velocity of
the bullet before it impacts the block.

The collision between the bullet and the block is inelastic. So we can conserve momentum
during the collision process.

mv, + My, =(m+M v,
mv, =(m+M )y,

Where v is the initial velocity of the bullet and ¥ is the velocity of the bullet-block system
after impact.

The bullet-block combination slides along a rough surface and eventually comes to rest. The

entire change in energy is a change in kinetic energy and is entirely due to the work done by
friction. Hence:

AKE =W_ = f, -d = -z, mgd = —%mvi2 = —u, mgd

V, =/2(0.65)(9.8m- s 2)(7.5meters) = 9.8m s

Here, v is the velocity of the bullet-block combination after the collision. Noting that v here is
equal to ¥ from the first step:

v - m+M  .112kg

i v, = (9.8m-s*)=91.5m-s"
m .012kg




Example 8. A bullet (m = 0.012kg) is fired into a block (/n = 0.100kg) at rest at the edge of a
smooth tabletop. If the tabletop is 1 meter above the floor, and the range of the bullet-block
is 2 meters, what is the initial velocity of the bullet?

The collision between the bullet and the block is inelastic. So, as before, we can conserve
momentum during the collision process.

mv, + My, =(m+M v,

mv, =(m+M )y,
m+M
v, = v,
m

Since we are interested in the velocity of the bullet-block system after the collision in the x
direction, it is probably easiest to use kinematics to get what we need. Given a range of 2
meters and a height of 1 meter:

Where v is the velocity of the bullet-block combination after the collision. Noting, again, that
v here is equal to 1 from the first step:

m-+ M .112kg
Vv, = Vv, =
m .012kg

(4.4m-s)=411m s



Example 9. A 10 kg block is released from rest at point A on track ABCD as shown below. The
block collides in a perfectly inelastic manner with another block, initially at rest, of mass 5 kg
located just before section BC. The track is smooth except for section BC, of length 6 meters.
The blocks hit the spring (k= 4000 N/m) and compress it a distance of 0.3 meters from its
equilibrium position. Determine the coefficient of kinetic friction between the blocks and
section BC of the track.

A
B C D
10m
! B W\ ]
¢ >
6m

We have a combination of four events here:

e Anevent in which energy is conserved (PE — KE)

e Aninelastic collision

e An event in which work done by non-conservative forces reduces the kinetic energy of
the system.

e Conversion of the remaining energy from kinetic to elastic potential

The velocity of the first block just before it's collision with the second is:
v=,2gh=14m-s™

Conserve momentum to determine the velocity of the combination after the collision:

m,Vy; +MyV,; = (ml +m, )Vf

m,v; = (ml +Mm, )Vf

v, = m v, = 10K9 1 4.5t —9.3m.s




Determine the amount of energy lost due to work done by non-conservative forces:

1( 2 2

Z{kx® = (m, +m, v )
fg=- Lt 2., 22 A

f -d= yk(m1+m2)gd_2kx 2(m1+m2)\/f S = (o Jgd =0.531

e Where would this system finally come to rest on the track?
¢ What would be the total distance or time involved?



Example 10. Two objects move across a smooth surface as shown below.

—> <—
m; =1.60 kg m,=2.10 kg
Vi = +4 m/s Vi =-2.5 m/s

k =600 N/m

Compute the distance the spring is compressed when 1 has slowed to +3 m/s.

As the two objects collide, the spring attached to the object on the right is compressed. We
are interested in the point during the collision where the velocity of the object on the left has
been reduced from +4 m/s to +3 m/s. What type of collision is this? As long as we assume a

“perfect” spring and a smooth surface, both momentum and energy are conserved so it is a
perfectly elastic collision.

Conserve Momentum: (determine the velocity of the second block)
MyVy; + MyVy = MyVyp +MyVyg

m,Vy; +MyVy — M,V

2f
m2

(1.60kg )+ 4m-s~*)+ (2.10kg ) 2.5m- s *)— (1.60kg )+ 3m-s*)
2.10kg

=-1.74m-s™"

Conserve Energy (kinetic to kinetic + potential):

E = E,

Emlvli2 +Em2V2i2 :Emlvlfz +Em2sz2 +EkX2

2 2 2 2
X = \/mlvli TMVy =MV —MyVyg
k

Xx=0.173m



Example 11. A bullet of mass m and speed v passes through a pendulum bob of mass M. The
bullet emerges with a speed of /2. The pendulum bob is suspended by a stiff rod of length ¢
and negligible mass. What is the minimum value of v such that the pendulum bob will barely
swing through a complete circle?

In this collision momentum is conserved but energy is not.
This is an example of an inelastic collision that is not

perfectly inelastic.

For the collision:

v
mv+ Mv=m—+ Mv
2 Mf

v
mv=m-—+ Mv
2 Mf

After the collision conserve energy for the bob (conserving energy for the bullet after the
collision isn't useful since it's energy isn't changing). This treatment yields the velocity of the
bob the moment after the collision:

%Mvi2 + Mgh, :%va2 + Mgh,

Mv,,” = Mgh,
L = Mg 2/
2
v =,/4gl

We can substitute this back into the equation we derived from momentum conservation:

mv:m%+M 4q/
%mv= M ./4g/

M
Viinimum = 4?@



Example 12. Compute the average force exerted by foot pegs on a 70 kg motorcyclist when
they "stick” a landing on flat ground from a height of 3 meters if they are able to flex their
legs 50 cm in the process. Compare this to a smooth landing that slopes downward at an angle
of 45° (i.e., the bike continues at an angle of 45° downward after touchdown). In both cases
assume that the component of velocity in the x direction just before impact is negligible.

If the landing is flat then the velocity after impacting the ground is zero.

v, =/2gh =/(2)9.8m -5 2|3m) = 7.7m s .V, =—7.7m 5™}

v, =0

FAt=Ap=mV, —mvV, =0+ (70kg )7.7m-s)=540N -s

_ \/i + \/f -1
V= =3.8m-s
2
d=vat.at=9-_9030M 43
v 3.8m-s
Eat= AP _54ON-s _ o 10°N
At 0.13s

Fregs
Foegs = O F +mg T

F oo = 4.9%10°N l o

pegs

If the landing slopes downward and is smooth then the velocity after impacting the ground is
not zero. The force that the ground exerts on the motorcycle causes a change in direction.

v, =+/2gh = /(2)9.8m-5%3m) = 7.7m s .V, =-7.7m 57!

V, =V, sin45° =-5.4m-s™*

FAt = AP = mv, —mv, = (70kg)(-5.4m-s)+ (70kg)7.7m-s ) =161N -5



_ Vi +Vf -1
V= =6.6m-Ss
2
d=vat.at=9-_90M _ 4076
V 6.6m-s”
Ear= AP _16IN-s o0 10N
At 0.076s

Foegs = O F +mg

F =28x10°N

pegs
Or about half the impact force suffered in a flat landing!
Although we've been able to compute landing vectors before in problems like this, we've never

been able to consider what happens after the moment just before impact. This technique is a
powerful new tool in our arsenal.



Example 13. A 140 gram baseball approaches a bat at a speed of -39 m/s. The ball leaves the
bat at an upward angle of 30°. The collision lasts 1.2 milliseconds and the average force
exerted by the bat on the ball during the collision is 9500N @16°. If the bat and the ball
collide 1 meter above the ground, the fence is 120 meters away and 3 meters high, is it a home
run?

FAt=J

The magnitude of the impulse is 11.37 kg m/s. In order to compute the initial velocity of the
baseball after leaving the bat we must compute the change in momentum in at least one
direction.

J, =Jcos6 =(11.37kg - m-s*)cos(16°) =10.92kg -m-s*
J, =1Jsin6 =(11.37kg - m-s*)sin(16°) = 3.15kg -m -5
Arbitrarily choosing the x coordinate:

‘]x =Py — P = m(Vf C03300 _Vix)

J
7X+Vix
m

——— =V, =45m-s™
cos30

So the ball leaves the bat with an initial velocity of 45 m/s at an angle of 30°. From here it is a
kinematics in a plane problem. We seek the range at which y - yp is +2 meters.

Y-y, = voyt—%gtz —+2m=(225m-s k- (4.9m-s2 k2

Solving the quadratic we obtain the roots:

t =0.09s
t =4.5s

The second root represents the position on the downward part of the parabola when the
baseball is 2 meters above the ground.

X — X, = V,,t =V, c0s30°t = (39m s X4,55) ~175m

This is a 570 ft. homer!



